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Introduction.
This paper is concerned with the singularly perturbed di¤usion equation with a small constant e > 0, where W is a bounded domain in R N with C 2 boundary, n is the unit outward normal vector on qW, p > 1 is a constant and u 0 A C 2 ðWÞ is a positive function satisfying qu 0 =qn ¼ 0 on qW. For the solution uðx; tÞ of (1.1), the blow-up time T is defined by T ¼ supft > 0 j uðx; tÞ is bounded in W Â ð0; tÞg: Then, 0 < T < þy and lim t!T kuðx; tÞk CðWÞ ¼ þy hold. The blow-up set of the solution uðx; tÞ is defined as the set fx A W j there is a sequence ðx n ; t n Þ in W Â ð0; TÞ such that ðx n ; t n Þ ! ðx; TÞ and uðx n ; t n Þ ! þy as n ! yg:
This set is a nonempty closed set in W. From standard parabolic estimates, we can obtain the blow-up profile, which is a continuous function defined by u Ã ðxÞ ¼ lim t!T uðx; tÞ outside the blow-up set.
Mizoguchi [6] showed the following for the Cauchy or Cauchy-Dirichlet problem with ðN À 2Þp < N þ 2. For any nonnegative continuous function u 0 and d > 0, if e > 0 is su‰ciently small, then any point x in the blow-up set of the solution for the equation u t ¼ e 2 su þ u p with initial data u 0 satisfies the inequality u 0 ðxÞ b max y u 0 ð yÞ À d. See [2] and [7] on the blow-up time. (We can refer to [4] and [5] for related results on other equations of parabolic type. See also the references of [8] for other studies on singularity formation in blow-up of u t ¼ su þ u p .) For the ordinary di¤erential equation u t ¼ u p , the solution u 0 with positive initial data u 0 A CðWÞ has a blow-up set S 0 ¼ fx A W j u 0 ðxÞ ¼ max y A W u 0 ðyÞg and a blow-up profile outside the blow-up set S 0 . In this paper, we show that the blow-up profile u e Ã ðxÞ of the solution u e of (1.1) approaches u 0 Ã ðxÞ uniformly on compact sets of WnS 0 as e ! þ0. Precisely, our main result is the following. 
Preliminaries.
In this section, we prove several lemmas. First, we take a cuto¤ function r A C y ðRÞ satisfying rðzÞ ¼ À1 ðz a 1Þ; rðzÞ ¼ 1 ð4 a zÞ and 0 a r 0 ðzÞ a 3=4 ðz A RÞ:
Then, this function rðzÞ satisfies the following.
Lemma 2. Suppose that f A C 2 ðWÞ is a positive function and that a a min x A W f ðxÞ= 4 is a positive constant. Then, the positive function g A C 2 ðWÞ defined by Proof. We first note
Then, we see a a gðxÞ a k f k C À a. Hence, we also see gðxÞ (otherwise) ( is a super-solution of v t ¼ e 2 sv þ hðv; tÞ. Therefore, if u 0 ðxÞ a wðx; 0Þ holds, we would eventually have uðx; tÞ a wðx; tÞ for t A ½0; TÞ. Now, we should note that wðx; tÞ is not a super-solution of (1.1) because 2 1=ð pÀ1Þ CðT À tÞ À1=ð pÀ1Þ is not a super-solution of (1.1).
We end the intuitive and informal explanation here, and we give the strict argument in
Step 3 of Proof of Theorem 6. 
Hence, by combining the inequalities (2.5), (2.6), (2.7), (2.8) and (2.9), e 2 svðx; tÞ þ vðx; tÞ p a v t ðx; tÞ
holds. r
The following gives a sub-solution of (1.1). in the set
is a sub-solution of (1.1).
Proof. Let vðx; tÞ denote the function
hold, we see
Also, we have
holds by (2.11) and (2.12), we obtain
Hence, because qu=qn ¼ 0 on qW and uðx; 0Þ a u 0 ðxÞ also hold, the function uðx; tÞ is a sub-solution of (1.1). r
The following gives a estimate of the blow-up time.
Lemma 5. Suppose that a positive function f A C 2 ðWÞ satisfies qf =qn ¼ 0 on qW. Let D f be the constant defined by (2.10). Then, for any constant e > 0 and function u 0 A CðWÞ satisfying 2D f e 2 a 1 and 2ku 0 À f k C a min x A W f ðxÞ, the blow-up time T of the solution uðx; tÞ of (1.1) satisfies
Proof of Theorem 1.
The following theorem is the main technical result in this paper. In Proofs of not only Theorem 1 but also Theorem 2 of [8] , this theorem is made essential use of. We take D and b 0 > 0 such that Lemma 3 holds for f ; a and C. We also take b A ð0; b 0 such that the inequality
holds, where T 0 is defined by
Then, let a constant e 1 > 0 be su‰ciently small such that the inequalities e 1 a minfa; bg; ð3:2Þ e 1 a min 1 
Àð pÀ1Þ ! 2=ð pÀ1Þ ð3:7Þ hold, where D f and T 1 are defined by (2.10) and From (3.9), we also have
Because oðtÞ a ðk f k C À d 0 =4Þ Àð pÀ1Þ holds by using (3.4) and (3.6), from (3.11) and (3. 
By (3.10) and (3.9), we also have From (3.13), (3.14), (3.12) and (3.8), we obtain the conclusion of Step 2.
[
Step 3] In this step, we show the following by Steps 1 and 2.
Let e A ð0; e 1 be a constant, and let u 0 A CðWÞ satisfy ku 0 À f k CðWÞ a e 1 . Suppose that the solution uðx; tÞ of (1.1) with the blow-up time T satisfies uðx; tÞ a CðT À tÞ Therefore, we obtain
In the region where f ðxÞ b k f k C À 4a, because gðxÞ Àð pÀ1Þ a oð0Þ holds by
we have uðx; 0Þ b CT À1=ð pÀ1Þ w gðxÞ Àð pÀ1Þ À oð0Þ
¼ 16 1=ð pÀ1Þ CT À1=ð pÀ1Þ b CT À1=ð pÀ1Þ b u 0 ðxÞ:
In the region where f ðxÞ a k f k C À 4a, because rððk f k C À f ðxÞÞ=aÞ ¼ 1 holds and ku 0 À f k C a a holds from (3.2), we also have uðx; 0Þ b gðxÞ ¼ f ðxÞ þ a b u 0 ðxÞ:
Therefore, we obtain u 0 ðxÞ a uðx; 0Þ:
Hence, because we also see qu=qn ¼ 0 on qW, working the comparison theorem by (3.17) and (3.18), we eventually get (3.16), i.e., the inequality uðx; tÞ a uðx; tÞ holds for all ðx; tÞ A W Â ½0; TÞ. Because u a v holds, we obtain the conclusion of Step 3 by Step 2, (3.15) and (3.16).
Step 4] In this step, we prove Theorem 6. We take a constant e 1 > 0 as in Step 3. Then, let a constant e 0 A ð0; e 1 be sufficiently small such that e 0 a min 1 holds for all x A WnS. Therefore, we obtain the conclusion of Theorem 6 by Step 3. r
According to Friedman and McLeod [3] and Chen [1] , we prove that there exists a constant C > 0 such that if e > 0 is su‰ciently small, then the solution u of (1.1) satisfies the Type-I estimate uðx; tÞ a CðT À tÞ À1=ð pÀ1Þ .
Proposition 7. Let u 0 A C 2 ðWÞ be a positive function satisfying qu 0 =qn ¼ 0 on qW. Then, there exist C > 0 and e 0 > 0 such that for any e A ð0; e 0 , the solution uðx; tÞ of (1.1) with the blow-up time T satisfies uðx; tÞ a CðT À tÞ À1=ð pÀ1Þ in W Â ½0; TÞ.
Proof. We define C > 0 by C ¼ ððp À 1Þ=2Þ À1=ð pÀ1Þ . We also define e 0 > 0 by 
